Abstract. We study the resonance phenomena for time periodic perturbations of a Hamiltonian H on the Hilbert space 
Introduction
Let {H(t)} be a periodic time dependent quantum Hamiltonian, that is, a family of self-adjoint operators acting on a complex Hilbert space H. These operators describe a quantum driven system whose states are given by the solution of the Schrödinger equation:
(1.1) (− i ∂ t + H(t))ψ(t) = 0, ψ(t = 0) = ψ 0 .
The main question we want to address concerns the possibility of existence of metastable states (resonances) for such a system, in the case where H(t) is a perturbation of a free time independent Hamiltonian H 0 having bound states. Here, we characterize the presence of a resonance in a dynamical fashion, in terms of an approximate exponential behavior of the associated time evolution.
We assume that = 1 and consider the propagator U(t, s); t, s > 0, associated to the Schrödinger equation:
(t)ψ(t).
When H 0 ϕ = E 0 ϕ, we expect that ϕ becomes a resonant state for the Hamiltonian H(t), in the sense that, ϕ, U(t, 0)ϕ ≈ e −iλ|t| , for some λ ∈ C, ℑλ < 0, close to E 0 . The evolution for time-dependent Hamiltonians has been considered by many authors. For example, spectral and scattering theory for this problem has been treated by J. Howland in several articles (see e.g. [6] and [7] ).
More recently, in [20] and [21] , the authors have considered a perturbation of the free Laplacian by a time-periodic potential and prove the absolute continuity of the Floquet spectrum.
There are also some results on the characterization of the resonance phenomenon for a time independent Hamiltonian H, in terms of local exponential decay in time of the evolution ϕ, e −iHt ϕ for an adequate resonance state ϕ see e.g. [3, 8, 10, 12, 14, 17, 18] .
The relation between resonances and time decay of the evolution can be seen from the following formula, which expresses the evolution group as the Fourier transform of the derivative of the spectral measure,
In several cases, the function F (E) ≡ ϕ, (H − E − i0) −1 ϕ can be continued in the lower half plane, through the cut due to the presence of the continuous spectrum. If this function has a pole at the complex number E 0 − iΓ, Γ > 0, then, by deforming the contour of integration and using residue calculus, it can be proven that
which is slowly (and exponentially) decaying, if Γ is small. Mathematical justification of this result (the single-pole approximation) is quite difficult and requires strong conditions. We mention for instance [1, 5, 8, 16, 17] . For a concrete one dimensional model a different approach appears in [11] .
A more recent result on the dynamical characterization of the resonance states was proposed in [2] . It is based on the positive commutator theory of E. Mourre [13] and in this paper we adopt this point of view. The correspondence between these resonance states and those defined from a meromorphic continuation of F (z), ℑz > 0 was discussed in [1] .
Dynamical resonance behavior of periodically perturbed Hamiltonians has already been obtained for example, in [4] and [19] , in a formulation similar to ours.
Here, we first obtain the Fermi Golden Rule for a generic set of perturbations. Also, we prove directly the Mourre estimate for the corresponding Floquet Hamiltonian. For this reason, our results hold away from thresholds.
Previous works need a local decay, pointwise in time, which could hold at thresholds as well, (see e.g [10] for discussion).
The article is organized as follows. First, we give a brief review of the results of [2] in Section 2 and of the Howland-Floquet formalism in Section 3. In Section 4 we describe the model studied in the paper. The resonance states for the associated Floquet operators are described in Section 5 and in Section 6 we show that the Fermi golden rule holds for a generic class of time dependent perturbations. Finally in Section 7 we derive a local decay in time on the propagator associated to the the time dependent Schrödinger equation.
Mourre estimates and resonances
Let H be a self-adjoint operator acting on a Hilbert space H. For every Borel set Ω, denote by E Ω (H) the spectral projector of the selfadjoint operator H associated with Ω. We will say that H satisfies a Mourre estimate [13] on an interval I = (a, b) ⊂ R if there exists a self adjoint operator A such that, 
A (H), j = 1 · · · ν are defined as H-bounded operators, and (2.4) holds with K = 0 (which implies that H has no eigenvalue in I). Then for some s > 1/2, the weighted resolvent
has a limit in the bounded operator sense on H as ℑz approaches 0. Moreover, for all ϕ ∈ H the function,
admits derivatives up to order n − 1 on I. Further, suppose that H is a self-adjoint operator having a simple eigenvalue E 0 ∈ I, embedded in the continuous spectrum. Let ϕ 0 be the associated eigenvector, Hϕ 0 = E 0 ϕ 0 , ϕ 0 = 1. Denote by P the corresponding eigenprojector and Q = I − P . Consider the perturbed Hamiltonian,
Assume also that the operators ad
has a boundary value as ℑz → 0. Moreover E ∈ I → F (E + i0, α) admits derivatives up to order n − 1.
The main result in [2] , states the following. Let N ≥ 1 and ν > N +5 be some integers. Under above conditions, there exists a function g ∈ C ∞ 0 (R), such that g(λ) = 1 in a small interval around E 0 with sup |g| ≤ 1, and complex numbers E α such that for α small enough
where
In the following we write ϕ 0 , e −iHαt g(H α )ϕ 0 ≈ e −iEαt . Moreover for α ∈ R, and small enough (2.6)
Note that for ǫ = ℑz > 0 and α = 0, we have that,
Hence, suppose that,
This necessarily gives that E 0 must be embedded in the continuous spectrum of the operator H. Then ϕ 0 , e −iHα g(H α )ϕ 0 exhibits a local exponential decay in time i.e. ϕ 0 is a metastable state associated to the hamiltonian H α .
Although the definition of resonances requires the strict positivity of Γ, we call the energy E α in (2.6) a resonance for H α
Howland formalism
In this section, we review basics facts of the time dependent theory initiated in [6] . Let {H(t), t ∈ R} be a family of selfadjoint operators in an Hilbert space H. Suppose that for t ∈ R, H(t) has a constant domain D. Furthermore we assume that the family {H(t), t ∈ R} is Tperiodic, T > 0, i.e. H(t + T ) = H(t). We notice that an important part of this theory also applies in the non periodic case.
Consider the abstract time-dependent Schrödinger equation,
Then under adequate conditions (3.7) generates a unique propagator
, T := R/T Z be the complex Hilbert space of weakly measurable, H−valued functions with inner product,
where . , . 0 is the corresponding inner product in H. Note that the enlarged space K = L 2 (T) ⊗ H. The propagator U(·, ·) induces a strongly continuous one parameter unitary group {W (σ); σ ∈ R} on the space K, defined as
Moreover, the Floquet Hamiltonian,
with domain D(K) = {φ ∈ H; Kφ ∈ H} is precisely the infinitesimal generator of W (σ), that is,
The idea behind this construction is that the time-dependent evolution in H has been turned into a time-independent problem in the Floquet space K.
Time dependent Hamiltonian
We now use the Floquet structure, combined with the results in [2] , to study resonances for a time periodic family H(t) of quantum Hamiltonians acting in the Hilbert space
Here, the resonant behavior will be characterized by the local decay in time of the survival probability,
for an adequate state ϕ ∈ H and where U(t, s) is the corresponding propagator. However, unless the Hamiltonian is time independent, in which case U(t, s) = U(t−s, 0), the asymptotic behavior of the survival probability will depend on the initial time s. Actually, we shall obtain a result on the average value of this quantity on a time interval of length T .
Here U α (t, s) denotes the propagator associated to a Hamiltonian H α (t), t ∈ T. We now define precisely this family of operators.
Fix an integer N and let ν := N + 6. The Hamiltonian H α (t) will be a time dependent perturbation of a free operator H acting in H and defined as (4.9)
where V : R d → R is a smooth function satisfying the following assumptions. Let < x >:
and it satisfies : there exists p > 2 such that for all α, |α| ≤ ν:
Also from [15] , the operator H with domain
The set σ d (H) consists of a discrete set of negative eigenvalues, they can accumulate at the threshold 0. On the other hand σ ac (H) = [0, +∞), and because of our assumption there is neither singular continuous spectrum or positive eigenvalue embedded in [0, +∞).
In this work, we use standard notation to denote different types of spectrum of a selfadjoint operator (see e.g. [15] ).
The operator H does not depend on t, but we can visualize it in the formalism described in the previous section. In this sense, the corresponding free Floquet Hamiltonian is
acting on the extended Hilbert space
Here, T = R/T Z, I t and I x denote the identity operator on the spaces
in L 2 (T) has a discrete spectrum, with eigenvalues nω ∈ Z, ω := 2π/T and eigenvectors e n (t) = 1 √ T e inωt . We denote the one dimensional projection p n = |e n e n |. Hence, the spectrum of K is
On the other hand, the pure point spectrum of K consists of the translation of the eigenvalues of H by any nω, n ∈ N.
We also suppose that, hV2: the operator H has a simple eigenvalue E 0 with eigenvector ϕ 0 such that for all n ∈ N * , µ n := E 0 + nω / ∈ σ d (H) ∪ {0}. The assumption hV2 means that first E 0 is also a simple eigenvalue of Floquet Hamiltonian K but it is embedded in its absolutely continuous spectrum. Actually, this is true for all eigenvalues of K. Moreover E 0 is not a spectral threshold of K. In fact without loss of generality we will suppose here :
hV'2: the operator H has a simple eigenvalue E 0 with eigenvector ϕ 0 such that |E 0 | < ω. Clearly this implies assumption hV2.
We now introduce the time dependent perturbation. Let
and there exists p > 2 such that for all α, |α| ≤ 2
Then the perturbed Hamiltonian,
is a self adjoint operator with a time independent domain, D(H α (t))= H 2 (R d ). The corresponding selfadjoint Floquet Hamiltonian is (4.13)
acting on the enlarged space K with domain D(K α ) = D(K), for all α ∈ R.
4.1.
Mourre estimate for the Floquet operator. Consider the following operator D := −i∇(−∆ + 1) −1 , it is a bounded operator on
g. [22] ). We denote by
the corresponding conjugate operator acting on the space K. It is easy to see that in the form sense on
and then it extends to a bounded selfadjoint operator in L 2 (R d ). We also have the following Clearly, the commutator, where q is a polynomial of degree j, so it is bounded operator on H. Finally, the multiple commutators ad j A (V ); j = 1...ν involve some combination of higher order derivatives of V and bounded operators. Thus, these are also bounded up to the order ν, by our assumption hV1.
Lemma 4.1. The commutator i[H, A], defined in the form sense on C
∞ 0 (R d )×C ∞ 0 (R d ), extends to a bounded selfadjoint operator in L 2 (R d ).
Moreover, the multiple commutators ad
Since we have i[K, B] = I t ⊗ i[H, A], then, the Lemma 4.1 implies that the commutator i[K, B] is a bounded selfadjoint operator in K. Moreover, the higher order commutators exist as bounded operators. Similarly, by using assumption hW, we can prove that ad j B (W ), j = 1...ν also are bounded operators. We now construct a Mourre estimate for the free Floquet Hamiltonian K. Let J n 0 = (e n 0 + J − , e n 0 + J + ), J − < 0, J + > 0 be a small interval around the energy e n 0 = E 0 +n 0 ω so that J n 0 contains no other eigenvalues of H.
Next let
, be the spectral projector of K associated with the interval J n 0 . Note also that
In the other hand, if n < 0 then,
where,
For |J 0 | small enough. L 1 is a rank one operator as the product of two rank one operators, p 0 and E J 0 (H). Now, let
Because of our assumptions, the operator H(H + 1)
is compact. On the other hand, for negative n,
is compact, as a uniform norm limit of compact operators. Clearly these arguments lead to the compacity of
Hence, we conclude that in the quadratic form sense in K, there exist a positive constant c and three compact operators,
Now from Lemma 4.1 we can repeat the same lines of arguments as above to the operator
and then L 4 is again compact. This finishes the proof of the lemma.
resonances ladder por the Floquet operator
In this section we want to derive the localization of resonances for the Floquet Hamiltonian (4.13) associated to the eigenvalue E 0 of H.
To this end, we introduce further notations concerning the spectrum of the free Floquet operator. Let ϕ 0 be the eigenvector of H associated with E 0 , Hϕ 0 = E 0 ϕ 0 . We denote the orthogonal eigenprojector π 0 := |ϕ 0 ϕ 0 | on H, onto the one dimensional subspace generated by ϕ 0 .
Then {E 0 + nω; n ∈ Z} ⊂ σ pp (K) and from hV'2, if E is any other eigenvalue of H then {E + nω; n ∈ Z} ∩ {E 0 + nω; n ∈ Z} = ∅.
Next let n 0 ∈ Z and J n 0 be the interval around E 0 + n 0 ω defined in the previous section. Denote by f n 0 = e n 0 (t) ⊗ ϕ 0 (x) the eigenvector of the operator K, associated to the eigenvalue E 0 + n 0 ω.
We also use P n 0 = |f n 0 f n 0 | = p n 0 ⊗ π 0 and Q n 0 = I K − P n 0 . Following Section 2, we need to consider the function,
where ℜz ∈ J n 0 , ℑz = ǫ > 0. Set
We have the following Lemma 5.3. i) F (E 0 + n 0 ω + i0, 0) exists and it is independent of n 0 . For any ǫ > 0, this quantity is given by
ii) We also have
Proof. Let z = E 0 + n 0 ω + iǫ; ǫ > 0. The existence of the boundary value is a consequence of Section 2 and our assumptions. Clearly,
Since P n 0 = p n 0 ⊗ π 0 and Q n 0 = I t ⊗ I x − P n 0 , we have that,
For n = n 0 , the quantity in the sum is just, p n 0 ⊗(1−π 0 )(H +n 0 ω−z) −1 , while for n = n 0 , this term is, p n ⊗ (H + nω − z) −1 . Then, we obtain,
and then
This proves (5.19) . By assumption hV2, for n > 0, E 0 −nω ∈ ρ(H), where ρ(H) denotes the resolvent set of H.
Therefore,
On the other hand for n < 0 and for all positive numbers ǫ
Hence these last three estimates prove (5.20).
Remark 5.4. Since E 0 − nω > 0 = inf σ c (H) if n < 0 we can express the strict positivity of Γ in terms of strict positivity of the derivative of the spectral measure
Indeed we know that in the distributional sense
This last quantity is strictly positive if W n ϕ 0 has its spectral support around the energy E 0 − nω. We show below that the condition
is satisfied by a generic class of potentials W .
For each n > 0, introduce the sets:
Proof. Consider the linear application I : W → R defined as,
Then I is continuous map, since we have,
<x> 2 |. Note that C can be bounded independently of n. Then, D +,n is an open subset of W.
Moreover, suppose that W / ∈ D +,n . We know that there exists some real point x 0 ∈ R d such that ϕ 0 (x)ϕ( √ µ n , x) = 0 and by a simple continuity argument the same is true on some neighborhood ν(x 0 ) of 
Average Decay of the propagator
In this last section we derive the result on exponential decay, but in terms of the original propagator. Proof. For any function a ∈ L 2 (T), we have that, a(t) ⊗ ϕ 0 , e −isKα a(t) ⊗ ϕ 0 = T 0 a(t)ϕ 0 , U α (t, t − s)a(t − s)ϕ dt,
In particular, choose a(t) := e n 0 (t). Then e n 0 ⊗ ϕ 0 , e −isKα e n 0 ⊗ ϕ 0 = 1 T e −in 0 ωs T 0 ϕ 0 , U α (t, t − s)ϕ 0 dt, and since t ∈ R → ϕ, U α (t, t − s)ϕ is periodic with period T , (7.26) e n 0 ⊗ ϕ 0 , e −iσKα e n 0 ⊗ ϕ 0 = T 0 ϕ 0 , U α (t + s, t)ϕ 0 dt.
Further by the Theorem 5.5 and (5.23) we have that e n 0 ⊗ ϕ 0 , g(K α )e −isKα e n 0 ⊗ ϕ 0 ≈ e −isEn 0 ,α .
Put s = 0 in this last relation, then e n 0 ⊗ ϕ 0 , g(K α )e n 0 ⊗ ϕ 0 = 1 − O(α 2 | log |α|) or equivalently e n 0 ⊗ ϕ 0 , (I t − g(K α ))e n 0 ⊗ ϕ 0 = O(α 2 | log |α|). Then e n 0 ⊗ ϕ 0 , e −isKαs e n 0 ⊗ ϕ 0 = (1 + O(α 2 ))e −iEn 0 ,ασ + O(α 2 | log |α|).
So by (5.22) this proves the theorem.
